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Abstract
This paper is concerned with an old question: Will oligopolistic firms have incen-
tives to merge to monopoly and will the monopoly, if the firms indeed merge, be 
stable? To answer this question, I motivate and introduce a new core concept for a 
general partition function game and prove stability of the merger-to-monopoly by 
applying the new core concept, labelled the strong-core, to Cournot oligopoly mod-
elled as a partition function game. The paper shows that the Cournot oligopoly with 
any finite number of homogeneous firms without capacity constraints admits a non-
empty strong-core and so does the Cournot oligopoly of not necessarily homogene-
ous firms with capacity constraints that are equal to their “historical” outputs. These 
results imply that oligopolistic firms will have incentives to merge to monopoly both 
in the long- and short-run and if the firms indeed merge to monopoly, the merger-to-
monopoly will be stable.

Keywords  Oligopoly · Cartel · Monopoly · Partition function game · Core

JEL Classification  C72 · D43 · L12–13

1  Introduction

Numerous studies have focused on conditions under which horizontal mergers 
among firms in a Cournot oligopoly can be profitable for participating firms. Nota-
ble contributions include Salant et al. (1983), Perry and Porter (1985), Deneckere 
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and Davidson (1985) and Farrell and Shapiro (1990), among others. Most of these 
studies focus on incentives of oligopolistic firms to merge to monopoly. In particu-
lar, Deneckere and Davidson conclude: “… short of antitrust policy, the industry 
would concentrate almost completely towards monopoly.” However, the question 
of stability of mergers, especially of the merger-to-monopoly, has been somewhat 
ignored.

In this paper, I argue that mere profitability of a merger does not guarantee that 
the merger will be stable. Although oligopolistic firms do have incentives to merge 
into a single multi plant firm because of higher monopoly profits, but still some firm 
or coalition of firms may decide not to merge to monopoly as it may conclude that 
its greatest profit potential lies in remaining separate. Thus, the merger-to-monop-
oly, although profitable, can be stable only if the monopoly profits can be split in 
a way that no firm or coalition of firms will have incentive to leave the merger and 
become an independent market player. As will be shown, the existence and possibil-
ity of such a split of monopoly profits depends on whether or not the core of the 
Cournot oligopoly modelled as a partition function game (Thrall and Lucas 1963) is 
nonempty.1 Indeed, Maskin (2003, p. 3) asserts that if there are games in which the 
grand coalition (i.e. the merger-to-monopoly) is not stable it is only among coreless 
games that we will find them. In other words, a nonempty core is a sufficient condi-
tion for stability of the grand coalition and an empty core is a necessary condition 
for its instability.

Thus, if the Cournot oligopoly modelled as a partition function game admits a 
nonempty core, then we need to look no further as that implies that the merger-
to-monopoly is stable. But the answer is a lot more complicated than that, because 
for partition function games (also known as games with “externalities”), there exist 
many alternative core concepts and the core may or may not be empty depending on 
which core concept is used.2 The reason for many alternative core concepts is that in 
partition function games, unlike coalitional games, a deviating coalition (i.e. a group 
of players that decide to act together as one unit relative to the rest of players) must 
take into account the coalition(s) that may be formed by the players in the comple-
ment subsequent to its deviation, as the payoff/worth of a coalition depends on the 
entire partition. For this reason, different assumptions regarding the partition that 
may be formed by the players subsequent to a deviation lead to different core con-
cepts. One simple definition of the core of a partition function game, known as the  
�-core, is given by assuming that all players/firms outside the deviating coalition 
form singletons (Chander and Tulkens 1997). Another equally simple definition, 
known as the �-core, is given by assuming that the players/firms outside the deviat-
ing coalition form one single coalition of their own (Maskin 2003).

1  See Kóczy (2018: Ch. 11) for an excellent review of the literature on applications of partition function 
games to Cournot oligopoly.
2  While for coalitional games there exists an adequately and widely accepted core concept, this is not 
true for partition function games.
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Rajan (1989) seems to have been the first to apply cooperative game theory and 
the core to Cournot oligopoly.3 For reasons of tractability, Rajan (1989) restricts 
the application to a symmetric oligopoly with at most 3 or 4 firms and concludes 
that the incentive for all firms to merge depends on the core concept. Rajan (1989) 
considers three core concepts: the � -, � -, and � -cores (without naming the latter 
two), and justifies their assumptions regarding the partition that the firms/players 
may form subsequent to a deviation as market’s “ethos”, which cannot be explained 
by economic theory (Jaskow 1975; Shubik 1975). Rajan (1989) shows that if the 
number of firms is three, then the �-core of the Cournot oligopoly is empty, but the  
�-core is not, highlighting thereby the significance of the role played by market’s 
ethos in the stability analysis of the merger-to-monopoly.

This paper first introduces a new core concept for a general partition function 
game, labelled the strong-core, which is independent of market’s ethos in that the 
strong-core does not make any ad hoc assumption regarding the partition that may 
be formed by the players subsequent to a deviation; instead, it assumes that any par-
tition may be formed, except that the partition must include the deviating coalition. 
More specifically, the strong-core is the set of all payoff vectors that are feasible for 
the grand coalition and such that in any possible partition that contains the deviating 
coalition either the deviating coalition itself or some other coalition with at least two 
players is worse-off.

I show that the symmetric Cournot oligopoly with any number of firms without 
capacity constraints admits a non-empty strong-core and so does the Cournot oli-
gopoly with any number of not necessarily homogeneous firms with capacity con-
straints equal to their “historical” outputs. These results imply that both in the long 
run when production capacities can be expanded and in the short run when they 
cannot be, oligopolistic firms, independently of market’s ethos, will have incentives 
to merge to monopoly and if the firms indeed merge to monopoly, the merger-to-
monopoly will be stable.

The contents of this paper are as follows: Sect. 2 introduces the strong-core and 
compares it with the existing core concepts. It shows that a well-known class of 
symmetric games admit non-empty strong-cores. Section 3 proves that the strong-
core of the Cournot oligopoly with any finite number of homogeneous firms is non-
empty and so is the strong-core of the Cournot oligopoly with any finite number of 
not necessarily homogeneous firms, if each firm faces a capacity constraint equal to 
its historical output. Section 4 draws the conclusion.

3  See Corchòn and Marini (2018) for more recent applications of cooperative game theory and the core 
to oligopolistic markets.
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2 � Core concepts for partition function games

The purpose of this section is to first review the existing core concepts for partition 
function games and then motivate and introduce the strong-core. The next section 
applies the strong-core to Cournot oligopoly by converting the oligopoly into a par-
tition function game.

Let N = {1,… , n}, n ≥ 3, denote the set of players. A set P = {S1,… , Sm} is a 
partition of N if Si ∩ Sj = ∅ for all i, j = 1,… ,m, i ≠ j, and ∪m

i=1
Si = N. I shall denote 

the finest partitions of N, S, and N∖S by [N], [S], and [N�S] , respectively, the cardi-
nality of set S by |S| , and (to save on notation) singleton sets {S} and {[S]} simply by 
S and [S] , respectively, whenever no confusion is possible.

A partition function game is a pair (N, v) where v(S;P) is the worth of coalition S , 
if P is the partition and S is a member of P. As the worth of a coalition in a partition 
function game depends on the partition to which it belongs, the partition function 
games are sometimes referred to as games with “externalities”. A partition func-
tion game in which the worth of each coalition is independent of the partition and 
depends only on the coalition is a special case and can be adequately represented by 
a coalitional game.

Given a partition function game (N, v), a payoff vector x = (x1,… , xn) is feasible 
for the grand coalition if 

∑
i∈Nxi = v(N;N) . I shall denote a payoff vector that is fea-

sible for the grand coalition by x.

2.1 � The existing core concepts

The core, proposed by Gillies (1953) is a leading and influential solution concept for 
coalitional games. But in partition function games, unlike coalitional games, a devi-
ating coalition has to take into account what other coalitions may form in the com-
plement subsequent to its deviation, since its worth/payoff depends on the entire par-
tition. For this reason, all existing core concepts for a partition function game make 
one or another ad hoc assumption regarding the coalition(s) that may be formed 
by the players outside a deviating coalition—leading to alternative core concepts 
depending on the assumption made in this regard. In this subsection, I first review 
the two most widely used core concepts for partition function games.

Definition 1  The �-core of a partition function game (N, v) is the set of feasible 
payoff vectors x such that for every deviating coalition S and partition 

{
S,
[
N∖S

]}
, ∑

i∈Sxi ≥ v(S;{S, [N�S]}). That is, each �-core payoff vector is such that every devi-
ating coalition S is worse-off in the partition {S, [N�S]}.

The �-core (Chander and Tulkens 1997; Chander 2018a, b), motivated and intro-
duced as an improvement over the traditional � - and �-cores, assumes formation 
of a specific partition subsequent to a deviation from the grand coalition in that 
if coalition S deviates from the grand coalition then the players form the partition 
{S, [N�S]}.
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Definition 2  The �-core of a partition function game (N, v) is the set of feasible pay-
off vectors x such that for every deviating coalition S and binary partition {S,N�S}, ∑

i∈Sxi ≥ v(S;{S,N�S}). That is, each �-core payoff vector is such that every deviat-
ing coalition S is worse-off in the binary partition {S,N�S}.

The �-core (Maskin 2003), like the �-core, also assumes formation of a specific 
partition, albeit a different one, subsequent to a deviation from the grand coalition. 
Specifically, if coalition S deviates from the grand coalition then the players form 
the binary partition {S,N�S}.

It is worth noting that the �-core actually requires not only a deviating coalition 
S but also the complementary coalition N∖S to be worse-off in the binary partition 
{S,N�S} . That is because if the deviating coalition is N∖S, then, by definition of 
the �-core, coalition N∖S should be worse-off in the binary partition {N�S, S} = 
{S,N�S}.

It may be mentioned that the � - and �-cores, as defined above, are not the same 
as similarly named concepts in Hart and Kurz (1983). In contrast to the approach 
in the present paper, Hart and Kurz (1983) do not require the sum of payoffs of the 
members of a coalition in a partition to be equal to the worth of the coalition in the 
partition. This comes about from their “efficiency” axiom according to which the 
worth of the grand coalition is assumed to accrue as the total payoff of all players in 
every partition.

Apart from the �-core, the traditional � - and �-cores (Aumann 1961) not only 
assume formation of the binary partition {S,N�S} subsequent to a deviation by 
coalition S , but also assume predatory behaviour on the part of the complementary 
coalition N∖S.4 There are also core concepts in which the partition formed by the 
players subsequent to a deviation by a coalition is determined endogenously, but 
by imposing an exogenous selection criterion. These include the c-core in which 
the players in the complement of a deviating coalition are assumed to form coali-
tions such that the payoff of the deviating coalition is minimized and the r-core in 
which the players in the complement are assumed to form coalitions such that the 
sum of their own payoffs is maximized.5 Similarly, Huang and Sjöstörm (2003) and 
Kóczy (2007) introduce a core concept, also named the r-core or the recursive core, 
by (exogenously) imposing a consistency requirement on the partition that may be 
formed by the players.

In sum, all existing core concepts for partition function games make one or 
another ad hoc assumption concerning the partition that may be formed by the play-
ers subsequent to a deviation by a coalition. For this reason, none of the existing 
core concepts, although used in many applications, has yet become an adequately 
and widely accepted core concept for partition function games.

4  See Chander (2007, 2018a) and Ray and Vohra (1997) for additional criticisms of the α- and β-cores.
5  See Hafalir (2007) for formal definitions of both c- and r-cores.
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2.2 � A new core concept

I propose a new core concept which, unlike the existing core concepts, does 
not rule out formation of any partition subsequent to a deviation by a coalition, 
except that the partition must include the deviating coalition. In other words, the 
new core concept is independent of the partition that may be formed by the play-
ers subsequent to a deviation by a coalition.

Definition 3  The strong-core of a partition function game (N, v) is the set of feasible 
payoff vectors x such that for every deviating coalition S and any partition P ∋ S 
either v(S;P) ≤

∑
i∈Sxi or v(T;P) ≤

∑
i∈Txi for some other coalition T ∈ P with at 

least two players. That is, every strong-core payoff vector is such that either the devi-
ating coalition S or some other coalition T  with at least two players is worse-off in 
any partition P ∋ S that could possibly be formed by the players subsequent to the 
deviation by S.

The definition of the strong-core is mathematically comparable to the defini-
tions of the �- and �-cores in that the strong-core, unlike the �- and �-cores, does 
not assume formation of any specific partition subsequent to a deviation by a coa-
lition—any partition may form; no partition is ruled out, except that the parti-
tion must contain the deviating coalition. Thus, if S is the deviating coalition, the 
resulting partition can be {S,

[
N�S

]
} or {S,N�S} or any other partition P ∋ S.

As the concept is new, I further interpret and justify the strong-core. One inter-
pretation of the strong-core is as follows: Suppose that a feasible payoff vector x 
is under discussion of the players and, for the reason made clear below, it must 
be collectively accepted or rejected. Now suppose that a coalition S thinks that it 
can do better than x provided the players form a particular partition P ∋ S . But 
because in partition function games, unlike coalitional games, the worth/payoff 
of each coalition in partition P depends on the entire partition (i.e. the coalition 
structure), coalition S must convince all other players to form partition P; and for 
this reason the decision to accept or reject the feasible payoff vector x has to be 
taken collectively by all players. The question is: what are the minimum condi-
tions that partition P ∋ S must fulfil for S to succeed in convincing all other play-
ers to form partition P . A necessary condition for all other players to agree to 
form partition P ∋ S is that no coalition with two or more players in partition P 
should be worse-off compared to the feasible payoff vector x . Every strong-core 
payoff vector x, by definition, is such that there is no partition P ∋ S that satisfies 
even this necessary condition. Thus, every strong-core payoff vector is “strongly” 
stable.

Another interpretation of the strong-core is as the set of feasible payoff vectors 
x that cannot be “blocked” by any partition P ∋ S in which at most singleton coa-
litions are worse-off.

The former interpretation of the strong-core explains why a deviating coali-
tion may care that no coalition with two or more players should be worse-off in a 
partition. But why should a deviating coalition not care similarly that no singleton 
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coalition either should be worse-off in a partition? The reason is that a singleton 
coalition, unlike a coalition with two or more players, cannot break-up into two 
or more coalitions and upset a partition in which it is worse-off. Furthermore, 
a singleton coalition may not be able to upset a partition in which it is worse-
off by merging with another coalition either because no coalition in the partition 
may be willing to merge with it. In contrast, a coalition with two or more play-
ers can always upset a partition in which it is worse-off simply by breaking up 
into two or more coalitions.6 To illustrate, consider a 3-player partition function 
game and a partition P consisting of a pair and a singleton, say P = {{1,2}, {3}} . 
Suppose singleton coalition {3} is worse-off in partition P compared to a feasible 
payoff vector x and coalition {1,2} is better-off in partition P . Then, singleton 
coalition {3} cannot prevent blocking of x by partition {{1,2}, {3}}, although it 
will be worse-off in partition {{1,2}, {3}}, because it can neither break apart nor 
merge with coalition {1, 2}; coalition {1, 2}will not be willing to merge with 
{3} as coalition {1, 2} will be worse-off in the resulting partition. Thus, partition 
P = {{1,2}, {3}} may be used by coalition {1, 2} to block x without the consent of 
the singleton coalition {3}, as {3} cannot upset the partition.

The illustrative example shows that restricting blocking to partitions in which no 
singleton coalition either is worse-off may curb, at least in some cases, the inher-
ent “power” of coalitions to block, and thereby lead to a core concept that is too 
weak. To see this consider an alternative definition of the core: the core is the set 
of feasible payoff vectors x such that in every partition that may possibly be formed 
by the players subsequent to a deviation either the deviating coalition or some other 
coalition (singleton or non-singleton) is worse-off. This so-defined core is a “too 
weak” concept as it has no bite in at least the common class of games in which the 
grand coalition is the unique efficient coalition structure, i.e. v(N;N) >

∑m

i=1
v
�
Si;P

�
 

for every partition P =
{
S1,… , Sm

}
≠ {N}. For this common class of games, which 

include the Cournot oligopoly modelled as a partition function game, the so-defined 
core consists of all feasible payoff vectors.

Finally, as is easily seen, the strong-core of a partition function game reduces to 
the core of a coalitional game if the worth of every coalition is independent of the 
partition to which it belongs and the partition function is adequately represented by 
a coalitional function. This means the strong-core is an extension of the standard 
core of a coalitional game to the more general partition function games, as the parti-
tion function games include the coalitional games as a special case.

2.3 � A consistency property

The �-core, proposed originally as an improvement over the classical � - and  
�-cores, has been applied to a wide range of economic models including oli-
gopoly. See e.g. Kóczy (2018), Helm (2001), Lardon (2012) and Stamatopoulos 

6  This argument is reminiscent of the premise in Salant et  al. (1983) that a market structure in which 
some cartel (i.e. a coalition with two or more firms) is worse-off cannot be an equilibrium market struc-
ture.
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(2016) among others. Thus, a pertinent question is whether the strong-core is 
consistent with the �-core.

Proposition 1  Let (N, v) be a partition function game. Then, the strong-core is gen-
erally a subset of the �-core, but is not generally equal to the �-core.

Proof  Let x be a strong-core payoff vector. Since in every partition 
{
S,
[
N�S

]}
≠ [N] 

at most coalition S is a non-singleton, it follows from the definition of the strong-
core payoff vectors that 

∑
i∈Sxi ≥ v(S;

�
S,
�
N�S

��
 for every non-singleton coalition 

S. Furthermore, this inequality also holds for every singleton coalition S, since if the 
deviating coalition S is a singleton then the partition {S,

[
N�S

]
} contains no non-

singleton coalition and, therefore, by definition of the strong-core, the deviating coa-
lition S itself must be worse-off. Thus, x is also a �-core payoff vector. But every 
�-core payoff vector is not a strong-core payoff vector, as the following example 
shows.

Let N = {1,2,… , 5}, v(N;N) = 13, v(S;
{
S,
[
N�S

]}
) = 2.4|S| , v(S;{S;N�S}) = 2.6|S| for  

|S| < 4, v(S;{S;N�S}) = 2.4|S| for |S| = 4 , for each partition P = {{ij}, {kl}, {m}} , 
v({ij};P) = v({kl};P} = 6 and v({m};P) = 1, for each partition P = {{i}, {j}, {k}, {lm}}, 
v({i};P) = 1, and for each partition P = {{i}, {j}, {klm}}, v({i};P) = 1.

In this game, the feasible payoff vector 
(
x1, x2,… , x5

)
= (2.6, 2.6,… , 2.6) 

belongs to the �-core and thus the �-core is nonempty. But the strong-core is 
empty. This is seen as follows: A feasible payoff vector 

(
x1, x2,… , x5

)
 , by defini-

tion, belongs to the strong-core only if 
∑

i∈Nxi = 13, xi ≥ 2.4 , i = 1,2,… , 5, and 
at least for the partition P = {{12}, {34}, {5}} , either v({12};P) ≤ x1 + x2 or 
v({34};P) ≤ x3 + x4. But there exists no such feasible vector, because xi ≥ 2.4 , 
i = 1,2,… , 5 and, therefore, x1 + x2 = 13 − x3 − x4 − x5 ≤ 5.8 < v({12};P) and 
x3 + x4 = 13 − x1 − x2 − x5 ≤ 5.8 < v({34};P) . Hence, the strong-core is empty, but 
the �-core is not. This proves that the strong-core is a strict subset of the �-core.� ■

Intuitively, the strong-core is generally a subset of the �-core because, unlike 
the �-core, the strong-core, by definition, does not rule out formation of any par-
tition subsequent to a deviation. For instance, in the proof of Proposition 1, the 
strong-core, unlike the �-core, has to take into account every coalitional worth 
v(S;P) in partitions P = {{ij}, {kl}, {m}}, S ∈ P, i, j, k, l,m ∈ {1,2, 3,4, 5} . Thus, 
externalities play a greater role in the determination of the strong-core than in the 
determination of the �-core.

Proposition 1 can be viewed as an extension of a consistency property of the 
existing core concepts in that it is known (Chander 2018a) that for a general par-
tition function game, �-core ⊂ 𝛽-core ⊂ 𝛼-core. Proposition 1 implies that for a 
general partition function game, strong-core ⊂ 𝛾-core ⊂ 𝛽-core ⊂ 𝛼-core. This is 
a nice consistency property for the strong-core to have, because it implies that 
applications of the strong-core are not inconsistent with applications of the famil-
iar � -, � -, and �-cores. As will be shown, the strong-core of the Cournot oligopoly 
modelled as a partition function game is a strict subset of the �-core and is thus 
also a strict subset of the � - and �-cores.

Author's personal copy



1 3

Stability of the merger-to-monopoly and a core concept for…

Similarly, on the one hand, the strong-core is a stronger concept than the �-core, 
because the �-core, by definition, rules out formation of all but binary partitions sub-
sequent to a deviation. But, on the other hand, the strong-core is a weaker concept, 
because, as noted in the second paragraph following Definition 2, the strong-core, 
unlike the �-core, does not require both coalitions in every binary partition to be 
worse-off. For this reason, the strong-core and the �-core are not generally compara-
ble except in some special cases of interest, as shown below.

Yi (1997) and Maskin (2003) note that in most applications the partition function 
games can be classified into two classes, namely, as games with “positive” or “nega-
tive” externalities.

A partition function game (N, v) has positive (negative) externali-
ties if for every partition P =

{
S1,… , Sm

}
 and Si, Sj ∈ P, we have 

v(Sk;P�{Si, Sj} ∪ {Si ∪ Sj}) ≥ (≤)v(Sk;P) for each Sk ∈ P, k ≠ i, j.

In words, a partition function game has positive (negative) externalities if a 
merger between any two coalitions in a partition increases (decreases) the worth of 
every other coalition in the partition.7 It is known that for games with positive exter-
nalities, �-core ⊂ 𝛾-core. I now establish an additional inclusion relationship.

Proposition 2  (a) For partition function games with positive externalities, �-core ⊂ 
strong-core ⊂ �-core, and (b) for partition function games with negative externali-
ties, strong-core = �-core ⊂ 𝛿-core.

Proof  (a) First, suppose contrary to the assertion that in a game with positive exter-
nalities a �-core payoff vector (x1,… , xn) does not belong to the strong-core. Then, 
because (x1,… , xn) belongs to the �-core, for every coalition S ⊂ N and binary parti-
tion {S,N�S}, we have 

∑
i∈Sxi ≥ v(S;{S,N�S}) ≥ v(S;

�
S,
�
N�S

��
, as externalities are 

positive. In particular, for S = {i}, we have xi ≥ v(i;[N]), i = 1,… , n. Furthermore, 
because (x1,… , xn) , by supposition, does not belong to the strong-core, there must 
exist a partition P = {S1,… , Sm} ≠ [N] such that v(Si;P) >

∑
j∈Si

xj for all Si ∈ P 
with ||Si|| > 1. Then, v

�
Si;P

�
�
>
∑

j∈Si
xj, where P� = {Si,N�Si }, because externalities 

are positive. But this contradicts that (x1,… , xn) belongs to the �-core. Hence our 
supposition is wrong and, therefore, every �-core payoff vector (x1,… , xn) belongs 
to the strong-core. This proves that �-core ⊂ strong-core.

Second, if (x1,… , xn) belongs to the strong-core, then, by definition, ∑
i∈S xi ≥ v(S;

�
N�S

�
) for all non-singleton coalitionsS , and for the finest partition 

P = [N], we have xi ≥ v(i;[N]), i = 1,… , n. Thus, every strong-core payoff vector 
(x1,… , xn) belongs to the �-core. This proves strong-core ⊂ �-core and, therefore, 
part (a) of the proposition.

(b) First, let (x1,… , xn) be a �-core payoff vector of a partition function game 
(N, v) with negative externalities. We claim that (x1,… , xn) also belongs to the 
strong-core. Suppose not. Since (x1,… , xn) belongs to the �-core, for every partition {
S,
[
N∖S

]}
, S ⊂ N, we have 

∑
i∈Sxi ≥ v

�
S;
�
S,
�
N�S

���
 and xi ≥ v(i;[N]), i = 1,… , n. 

7  See Yi (1997), Maskin (2003), and Hafalir (2007) among others for the definition.
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Then, because (x1,… , xn) , by supposition, does not belong to the strong-core, 
there must be a partition P = {S1,… , Sm} ≠ [N] such that v(Si;P) >

∑
j∈Si

xj for 
all Si ∈ P with ||Si|| > 1. Let P� = {Si,

[
N�Si

]
} denote the partition in which all 

but coalition Si is a singleton. Then, since the game (N, v) has negative externali-
ties, v(Si;{Si,

�
N�Si

�
) ≥ v(Si;P) >

∑
j∈Si

xj. But this contradicts that (x1,… , xn) is a  
�-core payoff vector. Hence, our supposition is wrong and each �-core payoff vector 
(x1,… , xn) also belongs to the strong-core. This proves that �-core ⊂ strong-core. 
Since, as Proposition 1 shows, strong-core ⊂ �-core in general. Therefore, for games 
with negative externalities, strong-core = �-core.

Second, suppose contrary to the assertion that for a partition function game (N, v) 
with negative externalities, a strong payoff vector (x1,… , xn) does not belong to the 
�-core. Then, we must have 

∑
i∈Sxi < v(S;{S,N�S}) for some S ⊂ N. As externalities 

are negative, the inequality implies that 
∑

i∈Sxi < v(S;{S,
�
N�S

�
}) for some S ⊂ N. 

But this contradicts that (x1,… , xn) belongs to the strong-core. Thus our supposition 
is wrong and every strong-core payoff vector (x1,… , xn) also belongs to the �-core. 
This proves strong-core ⊂ 𝛿-core and, therefore, part (b) of the proposition.� ■

Examples can be constructed to show that both inclusions in part (a) of Proposi-
tion 2 are strict in the same game, i.e., there are games with positive externalities 
in which the strong-core is not equal to either the � - or the �-core, but “sits” nicely 
between them.

Proposition 2 has important implications regarding the existence of a nonempty 
strong-core because it implies that for the general class of games with positive 
externalities, the strong-core could be nonempty even if the �-core is empty and 
the strong-core is nonempty if the �-core is nonempty. And for the general class 
of games with negative externalities, the strong-core is nonempty if and only if the  
�-core is nonempty. This means that for at least the general class of partition func-
tion games with positive or negative games we can use the same techniques to prove 
the existence of a nonempty strong core as are used for proving the existence of a 
nonempty � - or �-core.

2.4 � An additional relationship

The proof of Proposition 1 uses an example of a partition function game with five 
players. But why five, and not three or four? This is because, as will be shown, five 
is the minimum number of players for which the strong-core is not equal to the �
-core. We need the following definition, first introduced in Chander (2018a).

Definition 4  A partition function game (N, v) is partially super additive if for every 
partition P = {S1,… , S

m
} with ||Si|| ≥ 2, i = 1,… , k, and |||Sj

||| = 1, j = k + 1,… ,m, k ≤ m, 
∑k

i=1
v
�
Si;P

�
≤ v

�
S;P�

�
 where P� = P�

{
S1,… , Sk

}
∪ {∪k

i=1
Si}.

As Chander (2018a) notes, partial super-additivity is weaker than the famil-
iar notion of super-additivity, which requires that combining any number of not 
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necessarily non-singleton coalitions in a partition increases their worth. Whereas 
partial super-additivity requires that combining only all non-singleton coalitions in a 
partition increases their worth.

Proposition 3  If (N, v) is a partially super-additive partition function game, the 
strong-core is equal to the �-core .

Proof  By Proposition 1, the strong-core is generally a subset of the �-core. Thus, we 
only need to prove that if (N, v) is partially super-additive, then every �-core payoff 
vector is also a strong-core payoff vector,.

Let (x1,… , xn) be a �-core payoff vector and P =
{
S1,… , Sm

}
 a partition of N. If 

P =
{
S1,… , Sm

}
≠ [N], then let ||Si|| > 1, for i = 1,… , k and |||Sj

||| = 1 for 
j = k + 1,… ,m, k ≤ m, and S = ∪k

i=1
Si . Since v is partially super-additive, ∑k

i=1
v
�
Si;P

�
≤ v

�
S;P�

�
 where P� = P�

{
S1,… , Sk

}
∪ {S} . Clearly, P� = {S, [N�S]}. 

Since (x1,… , xn) is a �-core payoff vector, 
∑

i∈Sxi ≥ v(S;{S, [N�S]}) = v(S;P�) ≥ ∑k

i=1
v
�
Si;P

�
, because v is partially super additive. This inequality can be rewritten as 

∑k

i=1

∑
j∈Si

xj ≥ 
∑k

i=1
v
�
Si;P

�
 and, therefore, 

∑
j∈Si

xj ≥ v(Si;P) for at least one 
Si ∈

{
S1,… , Sk

}
⊂ P , i.e., for at least one coalition Si ∈ P with ||Si|| > 1, we have ∑

j∈Si
xj ≥ v

�
Si;P

�
. Thus, (x1,… , xn) is a strong-core payoff vector.

If (x1,… , xn) is a �-core payoff vector and P = [N] , then 
xi ≥ v

(
i;
{
i,
[
N�i

]})
= v(i;[N]). Thus, in this case too (x1,… , xn) is a strong-core 

payoff vector.� ■

Partial super-additivity is trivially satisfied in all 3-player partition function 
games. It is also satisfied in those 4-player partition function games (N, v) , includ-
ing the Cournot oligopoly modelled as a partition function game, in which the grand 
coalition is an efficient coalition structure, i.e. v(N;N) ≥

∑
S∈Pv(S;P) for any parti-

tion P.Thus, if the grand coalition is an efficient coalition structure, the strong-core 
is equal to the �-core in all 3 and 4 player games. In other words, if the grand coali-
tion is an efficient coalition structure, then the strong-core is not necessarily equal 
to the �-core only in games with five or more players. For this reason, the proof of 
Proposition 1 uses an example with five players.

2.5 � A class of games with nonempty strong‑cores

As we study below the Cournot oligopoly with symmetric firms, it is useful to first 
prove existence of a nonempty strong-core for a general class of symmetric partition 
function games in which larger coalitions in each partition have lower per-member 
payoffs (see e.g. Ray and Vohra 1997; Yi 1997; Funaki and Yamato 1999; Chander 
2007).8 The proof is constructive, as it is shown that a specific feasible payoff vector 
belongs to the strong-core.

8  Although the �-cores of these games are known to be non-empty (Chander 2018a), it does not follow 
that their strong-cores are also non-empty, because these games may neither be partially super-additive 
nor exhibit negative externalities.
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Proposition 4  Let (N, v) be a symmetric partition function game such that for every 
partition P =

{
S1,… , Sm

}
, v(S

i
;P)∕||Si|| < (=)v(S

j
;P)∕

|||Sj
||| if 

||Si|| > (=)
|||Sj

|||, i, j ∈ {1,… ,m} 
and v(N;N) ≥

∑
Si∈P

v(Si;P) . Then, the strong-core of (N, v) is non-empty.

Proof  Let (x1,… , xn) be the feasible payoff vector with equal shares, i.e., ∑
i∈Nxi = v(N;N) and xi = xj, i, j ∈ N. We claim that (x1,… , xn) is a strong-core pay-

off vector.
Let P =

{
S1,… , Sm

}
≠ N be some partition of N. If P = [N] , then xi ≥ v(i;[N]) 

for all {i} ∈ [N], because v(N;N) ≥
∑

i∈Nv(i;[N]) , 
∑

i∈Nxi = v(N;N), 
v(i;[N]) = v(j;[N]) , and xi = xj for all i, j ∈ N. If P ≠ [N], then the number of coali-
tions in the partition is m ≥ 2,m < n. Without loss of generality assume 
||S1|| ≥ ||S2|| ≥ ⋯ ≥ ||Sm||. Thus, n > m ≥ 2 and 

∑m

i=1
v(Si;P) ≤ v(N;N) =

∑
i∈Nxi, as 

hypothesized. This inequality implies v
�
S1;P

�
≤
∑

i∈S1
xi , since 

v(S1;P)∕
||S1|| ≤ v(Sj;P)∕

|||Sj
||| for all Sj ∈ P and xi = xj, i, j ∈ N . Since n ≥ 3 and 

P ≠ [N],N, we must have ||S1|| ≥ 2. This proves that each partition P ≠ [N], includes 
at least one non-singleton coalition which is worse-off relative to the feasible payoff 
vector with equal shares (x1,… , xn) and xi ≥ v(i;[N]), i = 1,… , n. Thus, by defini-
tion of the strong-core, the payoff vector with equal shares 

(
x1,… , xn

)
 belongs to the 

strong-core.� ■

3 � The Cournot oligopoly and the strong‑core

I formulate Cournot oligopoly first as a strategic game and then, as in the approach 
pioneered by Ichiishi (1981) and Zhao (1996), I convert the strategic game into a 
partition function game by proving existence of a unique Nash equilibrium for each 
induced strategic game in which each coalition in a partition acts as one single 
player and the worth/payoff of each coalition in the partition is equal to the total 
profit of the coalition in the Nash equilibrium of the induced strategic game. In this 
context, a singleton coalition in a partition represents a standalone/independent firm 
and a non-singleton coalition a cartel, a partition an industry structure, and a parti-
tion function a compilation of information about the profits earned by the firms in 
every possible industry structure. The strong-core of a Cournot oligopoly modelled 
as a partition function game enables us to test stability of the merger-to-monopoly 
against every possible industry structure, whereas the familiar � - and � -cores enable 
us to test stability of the merger-to-monopoly only against certain subsets of indus-
try structures.

The set of oligopolistic firms is N = {1,… , n}. Let p(q) denote the inverse 
demand function faced by these firms, where q is the total demand. I assume that the 
inverse demand function is differentiable and strictly decreasing and concave, i.e., 
p�(q) < 0 and p��(q) ≤ 0 . These assumptions are satisfied by the linear demand func-
tion p(q) = a − bq , a, b > 0, and imply that the revenue function p(q)qi of each firm i 
is concave in outputs q1,… , qn of the n firms, i.e. the marginal revenue p(q) + p�(q)qi 
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of each firm i is non-increasing in q1,… , qn , because p�(q) + p��(q)qi ≤ 0 for each 
fixed qi ≥ 0 and 2p�(q) + p��(q)qi ≤ 0 for each fixed qj ≥ 0, j ≠ i.

The cost function of each firm i is ci(qi) with ci(0) = 0. I assume that the cost 
function of each firm is differentiable, strictly increasing and strictly convex, i.e., 
c�
i
(0) = 0, c′

i

(
qi
)
> 0, qi > 0, and c′′

i

(
qi
)
> 0, qi ≥ 0. Strictly convex cost functions 

imply that the same output can be produced by a coalition of two or more firms 
at a lower cost than by a single, standalone firm. Thus, strictly convex cost func-
tions imply an additional incentive for the oligopolistic firms to merge. Although, 
the results below also hold for constant marginal cost functions, i.e., for the cost 
functions ciqi, ci > 0, but strictly convex functions lead to a more concrete analysis 
by avoiding multiple equilibria.9 For the time being, I do not assume capacity con-
straints on outputs of the firms. Instead, I assume that the firms can expand their 
production capacities as and when necessary. This leads to a long-run equilibrium 
analysis of Cournot oligopoly.

The profit function of each firm i is �i
(
q1,… , qn

)
= p(q)qi − ci

(
qi
)
, where 

q =
∑

j∈Nqj. It may be noted that, by definition of the profit function, the profit of a 
firm is maximized only if its cost of producing the profit maximizing output is mini-
mized. In order to avoid occurrence of a corner solution (i.e. zero output), I assume 
that there exists an upper bound q0 such that p

(
q0
)
+ p�

(
q0
)
q0 − c�

i

(
q0
)
< 0 for each 

firm i. As both p(q) and p�(q) are non-increasing functions of q , this assumption 
implies that a standalone profit maximizing firm or a firm as a member of a profit 
maximizing coalition will never produce an output that is larger than q0 even if it 
has the capacity to do so. I assume further that p

(
(n − 1)q0

)
> 0. As c�

i
(0) = 0, this 

additional assumption implies that a standalone profit maximizing firm or a firm as 
a member of a profit maximizing coalition will always produce a positive amount, 
irrespective of the output of other profit maximizing firms or coalitions.

3.1 � The oligopoly game

Let Ai =
[
0, q0

]
,A = A1 ×⋯ × An, and � =

(
�1,… ,�n

)
. I shall refer to the strategic 

game (N,A,�) as the oligopoly game. Clearly, each strategy set Ai is compact and 
convex and each �i is concave and continuous in q1,… , qn.

Lemma  The oligopoly game (N,A,�) admits a unique Nash equilibrium (q̄1,… , q̄n) .

The proof of the Lemma is in the “Appendix”. I interpret the Nash equilibrium 
of the oligopoly game as the status quo outcome and partition [N] as the status quo 
industry structure as they describe the situation before any mergers between the oli-
gopolistic firms. I next define the payoffs of coalitions in every possible industry 
structure if the firms are free to merge.

9  Some authors consider constant marginal costs a relatively less interesting case (see e.g. Perry and 
Porter 1985).
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Let 
(
NP,AP,�P

)
 denote the induced game when the firms form a partition 

P = {S1,… , Sm} and each coalition Si, i = 1,… ,m, in the partition acts as one sin-
gle player. Since each �i

(
q1,… , qn

)
 is concave and continuous in q1,… , qn, the pay-

off function �P
Si

(
q1,… , qn

)
 ≡ 

∑
j∈Si

�j(q1,… , qn)) of coalition Si in partition P is also 
concave and continuous in q1,… , qn . Moreover, the strategy set ×j∈Si

Aj of coalition 
Si is compact and convex. Therefore, as in the Lemma above, the induced game (
NP,AP,�P

)
 also admits a unique Nash equilibrium 

(
q̄P
1
,… , q̄P

n

)
. Let v(Si;P) be equal 

to the Nash equilibrium payoff of coalition Si in the induced game 
(
NP,AP,�P

)
 , i.e. 

v
�
Si;P

�
=
∑

j∈Si
𝜋j(q̄

P
1
,… , q̄P

n
) . Then, (N, v) is the partition function game form/rep-

resentation of the oligopoly game (N,A,�) . In this partition function game, the 
grand coalition is efficient, because the grand coalition can choose at least the same 
outputs as the coalitions in any partition and, thus, the grand coalition can obtain at 
least as much profit as the total profit of all firms in any partition, i.e. 
v(N;N) ≥

∑
Si∈P

v(Si;P) . As all firms in an oligopoly face the same demand function 
p(.) , the firms are identical if their cost functions are identical, i.e. 
ci(.) = cj(.), i, j ∈ N.

Proposition 5  If (N, v) is the partition function game form of the oligopoly game 
(N,A,�) and x is a strong-core payoff vector, then xi ≥ v(i;[N]) = 𝜋i(q̄1,… , q̄n) 
for each i ∈ N , where (q̄1,… , q̄n) is the Nash equilibrium of the oligopoly game 
(N,A,�).

Proof  Since, as hypothesized, x is a strong-core payoff vector in the partition function 
game (N, v), we have xi ≥ v(i;{i, [N�i]}) for each i and partition {i, [N�i]} ∋ i. There-
fore, xi ≥ v(i;[N]) for each i, because 

{
i;
[
N�i

]}
= [N] for each i ∈ N. By definition 

of v, we have v(i;{i, [N�i]}) = 𝜋i
(
q̄1,… , q̄n

)
. Thus,x

i
≥ v(i;[N]) = 𝜋

i

(
q̄1,… , q̄

n

)
. ◻

Proposition 5 implies that oligopolistic firms will have incentives to merge from 
the status quo industry structure to monopoly if the distribution of monopoly profits 
is a strong-core payoff vector.10 In other words, if the strong-core of the oligopoly 
game is nonempty and distribution of monopoly profits is a strong-core payoff vec-
tor, then not only every oligopolistic firm has incentives to merge from the status 
quo industry structure to monopoly, but also if the firms indeed merge to monopoly, 
the merger-to-monopoly is stable against every possible industry structure. We con-
firm below that the strong-core is indeed nonempty both in the long- and short-run 
models of Cournot oligopoly.

It may be noted that Proposition 5 does not show that oligopolistic firms will have 
incentives to merge to monopoly from an industry structure that is different from the 
status quo industry structure. The firms, in fact, may have no such incentives even if 
the distribution of monopoly profits is a strong-core payoff, because for any strong-
core payoff vector x and partition P ≠ [N],N, we may have 

∑
i∈Sk

xi ≤ v(Sk,P) for at 

10  The oligopolistic firms may not have the same incentives to merge to monopoly if the distribution of 
monopoly profits is not a strong-core payoff vector, but instead is, say, a �-core payoff vector.
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least one non-singleton coalition Sk ∈ P, i.e., at least one non-singleton coalition in 
any industry structure that is different from the status quo industry structure may be 
worse-off if the firms merge to monopoly. This means mergers among few, but not 
all, oligopolistic firms can adversely affect their incentives to merge to monopoly.

Proposition 6  If all oligopolistic firms are identical, i.e.ci(.) = cj(.), i, j ∈ N , then the 
partition function game form (N, v) of the oligopoly game (N,A,�) is symmetric and 
the strong-core is nonempty.

Proof  For each partition P = {S1,… , Sm}, let ( ̄qP
1
,… , q̄P

n
) denote the unique Nash 

equilibrium of the induced game 
(
NP,AP,�P

)
 . The first order conditions for profit 

maximization by coalition Sk ∈ P are c�
i

�
q̄P
i

�
= p

�∑
i∈Nq̄

P
i

�
+ (

∑
j∈Sk

q̄P
j
 ) p�(

∑
i∈Nq̄

P
i
) , 

i ∈ Sk. As each ci is strictly convex and ci(.) = cj(.), i, j ∈ Sk , the equalities imply 
q̄P
i
= q̄P

j
, i, j ∈ Sk. Because p�(q) < 0 , p��(q) ≤ 0 , each ci is strictly convex, and 

ci(.) = cj(.), i, j ∈ N , the equalities imply q̄P
j
> (=)q̄P

i
 if j ∈ Sk ∈ P, i ∈ Sr ∈ P and 

||Sk|| < (=)||Sr||. That is, the output of each firm in a larger coalition is lower. Because 
all firms are identical and face the same prices,v(Sk;P)∕||Sk|| > (=)v(Sr;P)∕

||Sr|| if 
||Sk|| < (=)||Sr||, k, r ∈ {1,… ,m}. Furthermore, for each partition P =

{
S1,… , Sm

}
, 

we have v(N;N) ≥
∑m

k=1
v
�
Sk;P

�
, because the firms as members of the grand coali-

tion can at least choose the same outputs as members of the various coalitions in 
partition P . The proof now follows from Proposition 4.	�  ◻

Rajan (1989) proves existence of a nonempty �-core for the Cournot oligopoly 
with four identical firms. Proposition 6 is more general than Rajan’s result because 
the number of firms is not restricted to four. It can be equal to any finite number and 
such that  the strong-core is a subset of the �-core. We show that for the oligopoly 
game it may actually be a strict subset.

Example 1  Let N = {1,2, 3,4, 5}, p(q) = 1 − q and ci
(
qi
)
=

1

2
q2
i
, i ∈ N.

The example is a specific case of the oligopoly model above. It has no less than 
five firms/players because for games in which the grand coalition is an efficient par-
tition, the strong-core, as pointed out above, cannnot be a strict subset of the �-core 
if the number of players is less than five. The oligopoly game is known to be a game 
with positive, not negative, externalities (see e.g. Yi 1997; Kóczy 2018). We show 
that the game is also not partially super-additive. Thus, none of the conditions for 
equality of the strong-core and the �-core are satisfied.

Let P = {{1}, {2,3}, {4,5}} and H = {{1}, {2,3, 4,5}}. We claim 
that v({2,3, 4,5};H) < v({2,3};P) + v({4,5};P) . It is easily seen that 
q̄
P

1
=

3

17
, q̄P

2
= q̄

P

3
= q̄

P

4
= q̄

P

5
=

2

17
 and, thus, v({2,3};P) = v({4,5};P) = 5 ( 2

17
)
2
 . Similarly,  

q̄
H

1
=

5

23
, q̄H

2
= q̄

H

3
= q̄

H

4
= q̄

H

5
=

2

23
 and v({2,3, 4,5};H) = 18(

2

23
)
2
< v({2,3};P) + v({3,4};P) = 5  

( 2
17
)
2
+ 5 ( 2

17
)
2
.

It is noteworthy that q̄H
1
=

5

23
> q̄P

1
=

3

17
 , but q̄H

2
= q̄

H

3
= q̄

H

4
= q̄

H

5
=

2

23
< q̄

P

1
=

3

17
,

q̄
P

2
= q̄

P

3
= q̄

P

4
= q̄

P

5
=

2

17
. That is, if the two cartels {2,3} and {4,5} merge, then each 

firm in these cartels produces a lower output, but the outside firm {1} produces a 

Author's personal copy



	 P. Chander 

1 3

higher output. That is because each firm in the merged cartels must take into account 
the effect of its production not only on its own profit, but also on the profits of all 
other firms in the merged cartels. But a decrease in the outputs of the firms in the 
merged cartels makes it profitable for the independent firm outside the cartels to 
raise its output.11

I now show that the strong-core of the oligopoly game in Exam-
ple 1 is a strict subset of the �-core. Because the strong-core is generally 
a subset of the �-core, as Proposition 1 shows, it is sufficient to identify a  
�-core payoff vector that does not belong to the strong-core. To that end, note  
that v(N;N) =

5

22
. Let x1 = v(N;{N}) − v({2,3, 4,5};H) =

5

22
− 18(

2

23
)
2
 and 

x2 = x3 = x4 = x5 =
1

4
v({2,3, 4,5};H) =

18

4
(
2

23
)
2
 . Then, the feasible payoff vec-

tor (x1,… , x5) belongs to the �-core, because the game is symmetric and 
1

4
v({2,3, 4,5};H) >

1

3
v({3,4, 5};{{1}, {2}, {3,4, 5}}) >

1

2
v({4,5};{{1}, {2}, {3}, {4,5}) > v({i};[N]) and 

x1 >
1

4
v({2,3, 4,5};H). But the feasible payoff vector (x1,… , x5) does not belong to 

the strong-core, because x2 + x3 = x4 + x5 =
18

2
(
2

23
)
2
< v({2,3};P) = v({4,5};P) = 

5( 2
17
)
2
.

3.2 � A short‑run model of Cournot oligopoly

A number of studies (e.g. Radner et al. 2001; Yong 2004) have focused on Cournot 
oligopoly of firms with fixed production capacities. Radner et  al. (2001) proves 
existence of a non-empty �-core, Zhao (1999) of a non-empty �-core, and Lardon 
(2012) of a non-empty �-core for a Cournot oligopoly of firms with fixed production 
capacities. These studies assume arbitrary production capacities and do not take into 
account the effect that the existing industry structure and production capacities may 
have on the incentives of oligopolistic firms to merge. It makes little sense to study 
stability of the merger-to-monopoly if the existing industry structure and produc-
tion capacities are such that the oligopolistic firms do not have incentives to merge 
to monopoly. As made clear above, oligopolistic firms do have incentives to merge 
to monopoly from the status quo industry structure when their outputs are equal to 
their Nash equilibrium outputs, but not necessarily from other industry structures and 
outputs that are not equal to their  Nash equilibrium outputs. Thus, for a short-run 
analysis of Cournot oligopoly, I study stability of the merger-to-monopoly only in the 
case of the status quo industry structure and production capacities that are equal to 
the Nash equilibrium outputs of the firms in the status quo industry structure. I shall 
refer to these production capacities as the “historical” production capacities, as they 
are equal to the equilibrium outputs of the firms in the status quo industry structure.

I assume that in the short-run no firm can expand its current production capacity 
and the production capacities of the firms cannot be transferred or pooled because 
of either plant location or incompatibility of technologies. This means no firm in 

11  In public good models this phenomenon is known as “free riding” and in climate change models as 
“leakages”.
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a cartel can use the production capacity of another firm in the cartel; the firms in a 
cartel can only coordinate their production decisions to maximize their joint profits. 
In sum, the output of no firm in the short-run can be larger than its historical produc-
tion capacity and the firms may form a cartel/coalition starting from the status quo 
industry structure purely for strategic reasons, and not for obtaining some techno-
logical advantage.

Formally, the strategy set of firm i is now Āi =
[
0, q̄i

]
, i ∈ N, and 

Ā = Ā1 ×⋯ × Ān . I shall refer to the strategic game (N, Ā,𝜋) as the constrained oli-
gopoly game. Let 

(
NP, ĀP,𝜋P

)
 denote the induced game when the firms form a parti-

tion P = {S1,… , Sm} and each coalition Si, i = 1,… ,m, in the partition acts as one 
single player. Clearly, the strategy set ×j∈Si

Āj of coalition Si is compact and convex 
and, by the same argument as in the Lemma, each induced game 

(
NP, ĀP,𝜋P

)
 admits a 

unique Nash equilibrium ( q
P

1
,… , q

P

n
) . In particular, the Nash equilibrium (q̄1,… , q̄n) 

of the original oligopoly game (N,A,�) is also the unique Nash equilibrium of the 
constrained oligopoly game(N, Ā,𝜋) . For this reason, I will continue to refer to the 
Nash equilibrium outcome of the constrained oligopoly as the status quo outcome.

From our discussion of the proof of Proposition 5 we know that oligopolistic 
firms will have incentives to merge to monopoly starting from the status quo indus-
try structure if distribution of the monopoly profits is a strong-core payoff vector. 
But will the merger-to-monopoly, if the firms indeed merge to monopoly, be stable 
or equivalently, is the strong-core of the oligopoly game 

(
NP, ĀP,𝜋P

)
 nonempty? To 

answer this question, we first prove the following result.

Proposition 7  For each partition P =
{
S,
[
N�S

]}
, |S| ≠ 1, let ( q

P

1
,… , q

P

n
) denote the 

unique Nash equilibrium of the induced constrained oligopoly game 
(
NP, ĀP,𝜋P

)
 . 

Then, (i) q
P

j
= q̄j for each j ∈ N�S and (ii) q

P

≡
∑

i∈Nq
P

i
<
∑

i∈Nq̄i ≡ q̄.

Proof  (i) By definition of the induced constrained game, q
P

i
≤ q̄i, i ∈ N, and, thus, 

q

P

≤ q̄ . Suppose contrary to the assertion that q
P

j
< q̄

j
 for some j ∈ N�S. Then, by the 

first order conditions for a Nash equilibrium, c�
j

(
q̄
j

)
= p(q̄) + q̄

j
p
�(q̄) < p(q̄) + q

P

j
p
�(q̄) ≤ p

(
q
P
)
 

+q
P

j
p
�

(
q
P
)

= c
�
j

(
q
P

j

)
⇒ q̄

j
< q

P

j
, since cj is strictly convex. But this contradicts 

our supposition that q
P

j
< q̄j. Therefore, q

P

j
= q̄j for all j ∈ N�S.

(ii) Suppose contrary to the assertion that q
P

= q̄. This is possible only if q
P

j
= q̄j 

for all j ∈ N, because q
P

j
≤ q̄j for all j ∈ N. Thus, for each i ∈ S, c�

i

�
q
P

i

�
= (

∑
j∈Sq

P

j
) 

p�
�
q
P
�
+ p

�
q
P
�

= (
∑

i∈Sq̄i)p
�(q̄) + p(q̄) < q̄ip

�(q̄) + p(q̄) = c′
i

(
q̄i
)
⇒ q̄i > q

P

i
 , 

since ci is strictly convex. But this contradicts our supposition that q
P

= q̄ and 
q
P

j
= q̄j , j ∈ N . Therefore, q

P

< q̄.                                                                   	�  ◻

Proposition 7 implies that if the oligopolistic firms form a cartel starting from 
the status quo industry structure, then the total industry output is lower compared to 
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the total status quo output and, therefore, the market price is higher. The total profit 
of the firms in the cartel is not necessarily higher compared to their total status quo 
profit despite a higher market price because the total output of the cartel is lower. 
The profit of each standalone firm is higher even though the output of each stan-
dalone firm is the same as before, because the capacity constraint of each standalone 
firm is binding and the production capacities, by assumption, cannot be expanded in 
the short-run.

It was shown for Example 1 that the partition function game form of the Cournot 
oligopoly (N,A,�) is not partially super-additive. However, it turns out that the par-
tition function game form of the constrained oligopoly game 

(
NP, ĀP,𝜋P

)
 is partially 

super-additive.

Proposition 8  The partition function game form of the constrained oligopoly game 
(N, Ā,𝜋) is partially super-additive.

Proof  As in the Lemma, for each partition P = {S1,… , Sm}, the induced game 
(
NP, ĀP,𝜋P

)
 admits a unique Nash equilibrium. Let ( q

P

1
,… , q

P

n
) denote the unique 

Nash equilibrium. Then, by definition of the constrained oligopoly game, 
q
P

≡
∑

i∈Nq
P

i
≤ q̄ =

∑
i∈Nq̄i =

∑
i∈Nki . I claim that, as in Proposition 7, q

P

j
= q̄j = ki 

for each standalone firm j in partition P . Suppose contrary to the claim that q
P

j
< q̄j 

for some singleton coalition {j} ∈ P. Then, c�
j

(
q
P

j

)
= p

(
q
P
)
+ q

P

j
p�
(
q
P
)

≥ 

p(q̄) + q
P

j
p�(q̄) > p(q̄) + q̄jp

�(q̄) = c�
j

(
q̄j
)
⇒ q̄j < q

P

j
 , because cj is strictly convex. 

But this contradicts our supposition that q
P

j
< q̄j. Thus, q

P

j
= q̄j = kj for each stan-

dalone firm j in P.

Let v̄
�
Si,P

�
=
∑

j∈Si
𝜋j

�
q
P

1
,… , q

P

n

�
. Without loss of generality assume that in 

partitionP = {S1,… , Sm} , ||Si|| > 1, i = 1,… , r, and |||Sj
||| = 1, j = r + 1,… ,m. Let 

S = ∪r
i=1

Si,  H = P�
{
S1,… , Sr

}
∪ {S} =

{
S,
[
N�S

]}
 and let (q

H

1
,… , q

H

n
) be the 

unique Nash equilibrium of the induced game 
(
NH , ĀH ,𝜋H

)
 and 

v̄(S;H) =
∑

i∈S𝜋i(q
H

1
,… , q

H

n
). We claim that

∑r

i=1
v̄
�
Si;P

�
≤ v̄(S;H) , that is, v̄ is par-

tially superadditive. We first prove that q
H

≡
∑

i∈Nq
H

i
≤
∑

i∈Nq
P

i
= q

P

. Suppose con-

trary to the assertion that q
H

> q
P

. Then, since q
H

j
≤ q

P

j
= ki for each j ∈ N�S, 

∑
i∈Sq

H

i
>
∑

i∈Sq
P

i
 and, therefore, 

∑
j∈Si

q
H

j
>
∑

j∈Si
q
P

j
 for at least one coalition Si, and 

for each j ∈ Si, c
�
j

�
q
P

j

�
= (

∑
k∈Si

q
P

k
)p�

�
q
P
�
+ p(q

P

) >

�
∑

k∈Si
q
H

k

�
p�
�
q
P
�

+p

�
q
P
�

≥ (
∑

k∈Si
q
H

k
)p�

�
q
H
�
+ p

�
q
H
�

= c�
j

�
q
H

j

�
. Thus,q

P

j
> q

H

j
 , since ci is 

strictly convex. But this contradicts that 
∑

j∈Si
q
H

j
>
∑

j∈Si
q
P

j
. Hence,

∑
i∈Sq

H

i
≤
∑

i∈Sq
P

i
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and q
H

≤ q
P

. This also implies that q
H

j
= q̄j = kj for all j ∈ N�S. To see this, sup-

pose on the contrary that q
H

j
< q̄j for some j ∈ N�S. Then, since q

H

≤ q
P

≤ q̄ (as 

shown), c�
j

(
q
H

j

)
= p

(
q
H
)
+ q

H

j
p
�

(
q
H
)

≥ p(q̄) + q
H

j
p
�(q̄) > p(q̄) + q̄

j
p
�(q̄) = c

�
j

(
q̄
j

)
⇒ q̄

j
< q

H

j
, 

which contradicts our supposition that q
H

j
< q̄j. Therefore, q

H

j
= q̄j = ki for all 

j ∈ N�S. Since coalition S could have chosen for each i ∈ S an output level q
P

i
 but 

chose instead q
H

i
 and q

H

j
= q

P

j
= q̄j = kj for each j ∈ N�S, it follows that 

v̄(S;H) =
∑

i∈S𝜋i(q
H

1
,… , q

H

n
) ≥ 

∑r

i=1

∑
j∈Si

�j

�
q
P

1
,… , q

P

n

�
 = 

∑r

i=1
v̄
�
Si,P

�
, i.e. the 

partition function game (N, v̄) is partially super-additive.	�  ◻

Proposition 8 and its proof provide useful insights into the industry structure that 
may emerge in the short-run if oligopolistic firms were allowed to merge starting 
from the status quo industry structure and if the firms were not able to expand their 
existing/historical production capacities. Proposition 8 implies that the firms may 
form at most one cartel followed possibly by a fringe of standalone firms, because 
the game is partially super-additive and, therefore, forming just one rather than two 
or more cartels is more profitable for the firms in the cartels. If the firms indeed 
form a cartel, then, as seen from the discussion of Proposition 5, the firms may not 
have incentives to merge-to-monopoly.

It is noteworthy that Propositions 7 and 8, unlike Proposition 6, hold even if the 
firms are not necessarily identical. Propositions 8 and 3 imply that the strong-core of 
the constrained oligopoly is equal to its �-core. Therefore, the strong-core of the con-
strained oligopoly is nonempty, because, as Lardon (2012) shows, the �-core of the 
constrained oligopoly is nonempty. This means the firms in the Cournot oligopoly 
with historical capacity constraints will have incentives to merge from the status quo 
industry structure to monopoly if they cannot expand their production capacities.

4 � Conclusion

From a game theory perspective, the paper has motivated and introduced a new core 
concept for partition function games. The new core concept, unlike the previous 
core concepts, makes no ad hoc assumption regarding market’s ethos, i.e. the parti-
tion that may be formed by the players subsequent to a deviation. This seems to set-
tle a long standing debate on which core concept to use.

The strong-core offers a view on the stability of cartels, especially on the stabil-
ity of the merger-to-monopoly, that is independent of market’s ethos.12 It was shown 
that firms in Cournot oligopoly not only have incentives to merge to monopoly but 
the merger-to-monopoly is stable, both in the long- and short-run.

12  The strong-core also has other applications including to models of climate change (see e.g. Chander 
2018a,b; Helm 2001).

Author's personal copy



	 P. Chander 

1 3

Several assumptions limit our analysis. We assumed a fixed number of oligopo-
listic firms. Although this is a standard assumption of the Cournot model, threat of 
entry in the real-world can weaken the incentives of farsighted firms to merge to 
monopoly. Except for a brief discussion concerning the interpretation of the strong-
core of the Cournot oligopoly, the paper leaves unspecified details of the negotiation 
or merger process among oligopolistic firms. Real-world mergers typically involve 
only two firms at a time, even when larger mergers are theoretically possible. This 
can affect the incentives of the firms to merge to monopoly, because, as shown in 
this paper, the firms may not have incentives to merge to monopoly starting from 
an industry structure that is different from the status quo industry structure. For this 
reason real-world merger processes may get stuck in an industry structure consisting 
of a cartel followed by a fringe of standalone firms (because, as shown, forming just 
one rather than two or more cartels is more profitable for the firms in the cartels) and 
never converge to monopoly, even in the absence of an antitrust policy.

Appendix

Proof of the Lemma  Since each �i(.) is concave and continuous in q1,… , qn and each 
Ai is compact and convex, the game (N,A,�) admits a Nash equilibrium (q̄1,… , q̄n) . 
Suppose contrary to the assertion that the game has another Nash equilibrium, say 
(q1,… , qn) , and (q̄1,… , q̄n) ≠ (q1,… , qn). Without loss of generality, let 
q̄ =

∑
i∈N q̄i ≥

∑
i∈Nqi = q. Since (q̄1,… , q̄n) ≠ (q1,… , qn), q̄i > qi for at least one i. 

Furthermore, p�
(
q
)
qi + p

(
q
)
> p�

(
q
)
q̄i + p

(
q
)
≥ p�(q̄)q̄i + p(q̄) , since q̄ ≥ q and 

by assumption the marginal revenue of each firm is non-increasing with total 
demand q. From the first order conditions for a Nash equilibrium 
c�
i

(
qi

)
= p�

(
q
)
qi + p

(
q
)
> p�(q̄)q̄i + p(q̄) = c�

i
(q̄i) implying q̄i < qi, which is a 

contradiction. 	�  ◻
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